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. Abstract 

ON . 

In this talk we consider the geometrical basis for the reduction of the 



relativistic 2-body problem, much like the non-relativistic one, to describing 
the motion of an effective particle in an external field. It is shown that this 



■ possibility is deeply related with the Lobachevsky geometry. The concept of 

O relativistic reduced mass and effective relativistic particle is discussed using 

• this geometry. Different recent examples for application of relativistic effective 



particle are described in short. 

1 Introduction 

The classical (non-quantum) relativistic two-body problem has a long history. Al- 
though at present many different approaches to this problem exist, we still do not 
have a satisfactory solution in many cases of different interactions between the two 
massive point particles. Much has been done in the case of relativistic interaction 
of two electrically charged particles [TJ El El Hj • An essential progress is reached in 

the case of two-particle gravitational interaction QjJ |21 E] , in the case of two massive 
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relativistic particles with string interaction between them jHj and in the case of areal 
interaction 

There exist several basic obstacles to general solution of the problem: the ex- 
istence of many different possible choices of the time variable, the absence of a 
unique choice of the center-of-mass position variables, the complications, which ap- 
pear in the attempts to introduce a proper phase-space of relativistic two-particles 
and during the reduction of their degrees of freedom, the correct inclusion of rela- 
tivistic retardation and corresponding non-locality of the interactions, the nonlinear 
character of typical relativistic interactions between particles, like gravitational in- 
teraction and string one, the problem how to take account of the internal spin both 
of the interacting particles and of the carrier of the interaction, etc. 

In the present talk we will concentrate on one of the possible approaches to 
the relativistic two-particle problem, which is based on the introduction of an ef- 
fective particle - the relativistic reduced mass. This approach is analogous to the 
non-relativistic one and was introduced in a heuristic way at first in the quantum 
relativistic problems by I. Todorov 

A new derivation of the basic notions of the relativistic effective one-particle 
approach to the relativistic two-particle problem and some applications were given 
in [S]. It turns out that this derivation lies essentially on the Lobachevsky geometry 
in the velocity space of the relativistic particles. In the present talk we will give a 
more detailed derivation of the notion of relativistic effective particle, based on this 
geometry. We also review in short some of the recent developments and applications 
of this idea . 
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2 The Kinematics of One Relativistic Massive 
Particle and Lobachevsky Geometry 



In this section we remind the reader the basic notions of the simple kinematics of 
one free relativistic particle with mass m > and its relation with Lobachevsky 
geometry in the velocity space . 

In this section we choose the laboratory frame system K and and laboratory 
time t. Further on we use the units in which c = 1. 



2.1 The Kinematics of One Free Relativistic Massive Parti- 
cle 

The 3D position of a point particle is described by its radius- vector x and 3D- velocity 
v. We use a standard notations {x°, x} (x° = t) for the Cartesian coordinates in 
the 4D pseudo-Euclidean space-time E^ 1 ' 3 ) and a standard action A m = —m J ds = 
—m J vl — v 2 dt. The 4D canonical momentum p has components {po,p}'- 

m _, mv 



According to our convention the 4D velocity is u = p/y—p 2 - As a consequences 
one obtains 

2 -2 2 w 2 2-1 2 w i /rj\ 

p = mu, p = p — p = —m , u = u — u = —1. {2) 

Here the simbol "=" denotes a "weak" equality, i.e. a constraint in Dirac's sense 
These relations define the relativistic 4D "hyperboloid of velocities". In addition we 
have for the 3D velocities the useful relations 

u= , = .. , v= . = (l-v 2 )(l+u 2 ) = l. (3) 



u 
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Let K u is an inertial frame which moves with respect to the laboratory frame 
K with a 4D velocity U. Then the velocity of the mass m with respect the system 
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K u is 



u 



u 



Aju, (4) 



where Ku G S0(l,3) is a pure Lorentz transformation that carries the quantities 
from frame K into the frame K u . The conditions K fJ- u lI u = 5q and positive defmite- 
ness determine the (symmetric) Lorentzian matrix A uniquely: 



/ U° -Ui \ 

Here and further on the Latin indexes take values = 1,2,3; and the Greek 

ones - the values a, (3, ... = 0, 1, 2, 3; . 

The formula (@J is analogous to the corresponding Galileo formula for superpo- 
sition of velocities in non-relativistic mechanics: 

v^v v = g v \v) =v + V. (6) 

It describes a Galileo's translation in the velocity space gy 1 E G\o, i.e. the transition 
from laboratory frame K to a moving inertial frame K v . Here G\q is the Galileo's 
group. 

In a transparent form the relation (00) gives 



U Q = UqUq — U ■ u, 



U x lUxu 



Here 



u =U u-u U-\ — — = U u. -u U+u±. (7) 

1 + tVo 



u {l = 9uu, 

u± = y^u, 



where 



and 



9 U = U® U/U 2 



y± = id 3 - u ® u/u 2 



are the corresponding projector operators, and Id 3 is the 3D identity operator. 



v 



\/l-V 2 ' y/l-V 2 



Using the 3D velocity V we obtain for the 4D velocity U - 
and the standard form of Lorenz transformation: 

rj U -V -U ^rj u - u V 

u% = 1 5 =. u u = 1 ^ + u±- (8) 

vi-v 2 vi-v 2 

For the transformation of the 4D momentum one obtains an analogous relations: 

P U = ^uP, (9) 
U x(u xp) 

P% = U oP o-U-p, p u = U p-p U+ J =U p,- Po U+p±. (10) 

As we see, we have a point transformation in the momentum space, which can 
be easily extended to a canonical transformation on the whole phase space M^i : 
{p, x} — > {p, x} of the type x dp + p u dx u = dF(p, x u ) with a generating function 

F(p,x u ) =p±-x u + U p {l -x u -p U -x u - (UoPo-U-p) (x°) u . (11) 

Using the formulas x° = —d P0 F and x = dpF one easily obtains the standard 
Lorenz transformations: 



x° = U (x°) u + U-x u 
x = (x ± f + U {x,,) u + (x ) u U = (x ± ) u + "" 



x°) u + V -x u 



Vi - v 2 

m„) u + (x°) u V 



[x 



Vi-v 2 

(x°)-V-x 



1-V 



2 



(x u )-x°V 
x = x± + -4= = • (12) 

VI -v 2 

2.2 The Lobachevsky Geometry in the Velocity Space 

Following Fock pQ, let us consider an infinitesimal change of the velocity U = u + du. 
Then from the representations u u — u+ du u , du = du± + du.Juo, where u = 



(u ■ du/u 2 )u, du± = du — du one easily obtains the metric in the velocity space in 
the form: 

do 2 = (du u ) 2 = gij (du u y(du u y, (13) 

where the metric tensor is given by the 3x3 matrix 



g(u) = Id 3 ~ 14 



In spherical coordinates u— {p u cos 9 cos (p, p u cos 9 sin tp, p u sin 9} the metric in the 
velocity space reads: 

da 2 = ^ + P l((d9) 2 + sm 2 9{dp) 2 ). (15) 

1 + Pu 

This formula shows explicitly that the w-space is a Riemannian one with a constant 
negative curvature —1, i.e. a Lobachevsky space. It is just the hyperboloid u 2 = 
— 1 in the 4D pseudo-Euclidean space-time E^ 1 ' 3 ) and its metric (JT3jl is just the 
restriction: 

da 2 = ((du) 2 - (du ) 2 ' 



uo=± vi+3 2 

The length a(u, U) of a geodesic line, which connects two points u and U on this 
hyperboloid, is defined by the formulas: 



sinh(cr(w, U)) — J(u u — uolPj — (u x uj 
cosh(a(u,U)) = UqUq — U ■ u . (16) 



3 Effective Particles in the Two Particle Problem 

3.1 The Non-Relativist ic Two Particle Problem 

It is well known from the textbooks on classical mechanics, that one can reduce 
the two-particle problem to one-particle one, introducing two effective particles: 
the center of mass (CM) and the reduced mass m. In this section we give some 
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nonstandard way of introducing a reduced mass in the non-relativistic case. Our 

specific approach is based on the momentum space considerations and allows a 

proper relativistic generalization. 

In the non-relativistic mechanics the CM is an effective particle with mass M : = 

m i + m 2i where are the rest masses of the physical point particles at 3D 

positions with radius-vectors fi }2 and 3D velocities vi$. It is supposed that the 

particles are moving in vacuum, i.e., without influence of any external forces, but 

they can interact between themselves. The position vector of the CM and its velocity 

in the laboratory frame K are 

- 77H m 2 ^ - mi m 2 ^ . . 

R := — n H r 2 , V = — v-i H v 2 . 17 

M M M M ' 

By definition the CM-frame (CMF) is the inertial frame in which R = 0, V = 0. 

The velocities of the particles in CMF are: 

iyi)cMF = 9 V («l) =V 1 -V = —{Vx - V 2 ) = -jfV, 

(V 2 ) C MF = 9 V 1 (V 2 ) = V 2 - V = J^(V2 - Vl) = JjrV, (18) 

where v = v 2 — v 2 is the relative velocity. As a result 

(j>2)cmf — —\Px)cmf — 
-jj^-fa - ih) = fa) = ^-^ 2 (vi). (19) 

It is natural to define a new effective particle - the reduced mass - with a mass m 
and a momentum 



such that 



p := mv, (20) 



V = {P2)CMF = ~{P)CMF- (21) 



Then the comparison of formulas (|T9*j) and (j2*Uj) gives the well known non-relativistic 
formula for the reduced mass 

m =™ (22) 
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3.2 The Relativistic Two Particle Problem 

There exist several different formal approaches to description of the relativistic two- 
particle system. We will illustrate some of them using the simplest case of two 
non-interacting particles 7%: X\ = {x®,Xi}, p\ = m 1 u 1 , and m 2 : x 2 = {x2,x 2 }, 
p 2 = m 2 u 2 . Their 4D momenta lie on the hyperboloids 

2p 1 ' w :=p? + m?^0, 2^ ree :=p 2 2 + ml^0. (23) 

1. One can use the two-times formalism and an action of the system: 

Ani,ma = - / dt\ vii\ \J~\ V\ (t\) 2 / dt 2 m 2 a/1 -v 2 (t 2 ) 2 . (24) 



2. One can develop a 3D+1 approach, which is not transparently covariant. Now 
we are working in the laboratory frame K using the laboratory time t = x\ = x 2 . 
Then the system is described by the action 

A mum2 = - J dt (m 1 ^/l-Vi 2 +m 2 ^l-v 2 2S j . (25) 

3. Finally, one can develop transparently covariant 4D formalism which is in 
addition invariant under arbitrary local re-parameterizations, using the action 



A 

' r *"m\,rri2 ' 



■■ Jdr (piXi + p 2 x 2 - H) (26) 



with Hamiltonian 



H := 7^(^i free + /W ree ) (27) 

where A is a Lagrange multiplier the value of which depends on the choice of the 
parameter r, and for the parameters /ii, /i 2 we have the relation ^ + p, 2 — 1 and 
some additional conditions jH]. 

In any approach the problem is obviously invariant under 4D translations, de- 
scribed by the group Tr(A) x in the flat 4D pseudo-Euclidean space- time Er \ As 
a result of Noether theorem the total momentum 

P = pi + p 2 = const (28) 



is a conserved quantity. Using this quantity we introduce the relativistic CMF K u 
as a frame, which moves relative to the laboratory one with 4D velocity 



U = P/V-P 2 = P/w (29) 
where w defined by the equation 

P 2 + w 2 = (30) 

plays the role of the CM mass. It is easy to check that this quantity has a right 
behavior in the non- relativistic limit (NRL): 

NRL ., 

w — > rrii + m-2 = M. 

Following the same procedure, as in the non-relativistic case, and using the rules 
of Lobachevsky geometry for transition to a new inertial frame - the relativistic 
CMF, we obtain the formulas: 



(ui)cmf = A^/mi = 

m 2 ( , s _ , x _ (m\Ui + m 2 u 2 ) x (u 2 x u 1 )\ m 2 _ 

{U 2 )oUl - (Ui) «2 + / 7— 7—, = U, 

w V w + m^ujjo + m 2 (u 2 ) J w 

(u 2 )cMF = A^ 1 M 2 = 

(Ui) M 2 - («2 0«1 + ( x , 7—s = U, (31) 

which are analogous to the relations (JTSj) . Then we see that in the relativistic case 
the relations (fT9*j) are replaced by the analogous ones: 

niim 2 -—, — > m\m 2 ~~\ — > niim 2 _ 

{P2)CMF = -{PljCMF = Ac/ u 2 = u x = u. (32) 

W WW 

where 

-, , x -, , x . (miUi + m 2 u 2 ) x (ui x u 2 ) 

u = {u 1 ) u 2 - (tt2jo«i H ; 7-^ — ; 7—, — • (33) 

Now it is natural to define the new effective particle - the relativistic reduced 
mass - with a mass m and a momentum 

p := mu, (34) 



such that 



P = (P2)cmf = -{p)cmf- (35) 

Then the comparison of formulas (|32j) and (|34j) gives the well known non-relativistic 
formula for the reduced mass 

17111712 

in = . (36) 

w 

Note that in the non-relativistic case g^(v 2 ) = g$ (v\). In contrast, in the rela- 



tivistic case we have A~ i 1 m 2 ^ —A~^Ui, due to the nonlinear character of Lobachevsky 
velocity space. Nevertheless, we have (A~ l 1 ti 2 )o = — (A~ 2 1 Mi)o = (wi)o(w2)o — u\ -u 2 = 
uq and this realation defines uq component of the velocity of the relativistic reduced 
mass. The same result can be obtained independently from the relations (J2J) and 



m = vT+iP = (ui)o(u 2 )o - ux ■ u 2 . (37) 

For components of the momentum of the relativistic reduced mass we obtain 
from relations ©, (G2D, © and (jSZJ): 

(Pl)o(p 2 )o - Pi • P2 P\P2 



Po 



'-(pi +P2) 2 \/-{P\ +P2) 



2 



^_ (Pl)oP2-(p2)oPl | (P1+P2) X (pi X p 2 ) ^ 

V / -(P1+P 2 ) 2 V"-(P1+P2) 2 ((Pl)0 + (P 2 ) + V-(P1+P2) 2 ) 

In addition we obtain the relations: 



and 



2 2 

(pi)o = po + — , Wo = po + — ; 

w mi m 2 , Nt/ m 2 m x 

(mi)o = 1 «o, (w 2 ) = 1 uo] 

WW WW 

u 1 , 2 u = T—u (39) 
w 



w 2 — m? — ffln 1 m? + mo 

^0 = ^ Po = 7^-^73 (40) 

lm\m 2 1 2w 
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For the parameters /i2 in Eq. (pjj) one obtains the additional relation jH]: 



2 2 

mf — m~ . , 

t*i-t*2 = 1 2 2 (42) 



The key formula is: 



pi 2 + mf + y P2 2 + m 2 = + m2 - (43) 

It is valid in the CMF and allows a reduction of the free two-particle relativistic 
problem to the one effective-particle relativistic problem after exclusion of the CM 
motion. 

It is clear that the formulas for the quantities, related to the effective particle - 
"the relativistic reduced mass", reflect the properties of the Lobachevsky geometry 
in velocity space, or in the momentum space. 

4 Examples for the Application of the Effective 
Relativistic Particle 

The general procedure for application of the relativistic reduced mass in the rel- 
ativistic two-particles problems in the case of interacting particles consists in the 
following steps (See for example jS] and the references therein): 

I. In the case of scalar interaction we add the interaction terms $12 to the 
constraint functions (fi^ ree in Eq. (J23j) . thus obtaining <yj lj2 := ^P\^ ree + ^1,2/2. 
Then, using some general procedure, we exclude the CM motion remaining with the 
effective one-particle relativistic Hamiltonian 

H := — (p 2 + m 2 + $(x)) . (44) 

II. In the case of the electromagnetic interactions we use the standard gauge 
approach, replacing the components of the 4D momentum p a with p a — eA a (x). 
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III. In the case of the gravitational interaction we replace the pseudo-Euclidean 
4D scalar square p 2 with the pseudo-Riemannian one: p 2 = g a ^(x)p a pp, considering 
the effective particle as a test particle in an external gravitational field, described 
by metric g a ^(x). 

In the general case one can combine the scalar, vector and tensor interactions, 
using simultaneously the above procedures. 

For illustration let us consider the following examples: 

1. In the article jS] the effective particle Hamiltonian 

has been used for the description of relativistic two-particle electromagnetic interac- 
tion. Here p r is the radial momentum, J is the total angular momentum, e 2 = — eie2 
is related with the electric charges ei^, and e is the dimensionless effective-particle 
energy. It was shown that this Hamiltonian reproduces the right relativistic effects: 
the orbit, the perihelion shift, etc. produced by standard approximate relativistic 
Hamiltonian up to the terms of order 

2. As shown article jSj the effective particle Hamiltonian in Schwarzschild grav- 
itational field: 

J\ 2 J 2 1 e 2 
r J r A 1 — p± 

describes in a correct way the general relativistic two-particles gravitational inter- 
action up to the terms of order -j. In particular the orbit, the perihelion shift and 
a new formula 

uo* = — ^— > uj* s (47) 
l-is\s*\ b v ' 

for the angular frequency of the last stable orbit (LSO) was derived. Here p = 

2m 1 m 2 G/ J , v = £* = -\ (\ - ^1-2^(1-^/0^, and lu* s is the 

Schwarzschild value of the frequency of LSO. 

3. In the article by Crater and Yang (see in [7j) the effective one-particle approach 
for the Wheeler-Feynman action-at-a-distance of the relativistic two-particle system 

12 




1-PtU 2 + - + 1--— 7 ) (46) 



with scalar and electromagnetic interaction was examined. The final result is that 
if one wishes to reproduce the right relativistic results up to the order using the 
effective one-particle Hamiltonian, then one has to introduce in this Hamiltonian 
the following modified electromagnetic and scalar potentials: 

_ eie 2 5(eie 2 ) 2 (5'i5'2 - e x e 2 ) 
eA .— 1 



1217117712^ 

5(ei e 2 ) 2 (ffi# 2 - exe 2 ) 
12mim 2 r 3 

9x92 sjg mfjgm - eie 2 ) 

12mim 2 r 3 



eA ■= ... „ 3 P' 



Here g>i )2 are the "scalar charges" of the particles. 

4. An analogous result was derived by Buonanno and Damour (see in jjj) for 
general relativistic two-body problem. They have introduced an "effective" metric 
of the form 

2 / a l °2 «3 \ o 

63 'ff = 1 + — + J2— + IT" + • • • d *e// - 
V r eff r eff r eff J 

+ — + + -r- + • • • I dr e// - 

'•'// ''./J '.// / 

l + -^- + -|L+*+... > ) r 2 /7 (d9l ff + sin 2 e// ^ /; ) (49) 

r eff r eff r eff J 

with a proper coefficients 01,2,3..., 01,2,3..., Ci )2 ,3... to reach the standard 2PN approxi- 
mation results. 

5. In the very recent articles by Faruque and coauthors (see in jU]) the relativis- 
tic effective particle approach was applied to the gravitational interaction of two 
relativistic spinning particles using Kerr metric, instead of Schwarzschild one. The 
corrections to the orbits and to the perihelion shift: 



1 \ 3n ap 



^ = M4=-i)+^-sri (so) 



were obtained. Here a = 1 — 2/ie + 3/i 2 e 2 ,7 = 1 — 3/?/i 2 , (3 = 1 — e, and /1 = a/ J, 
where a is the specific spin of the Kerr metric. 
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5 Conclusion 



The above examples give a strong indications that the application of the method 
of the relativistic effective one-particle to the relativistic two particle problem is a 
powerful tool for the study of modern topics in physics. This method is based on 
the Lobachevsky geometry of the relativistic velocity and momentum spaces. It de- 
serves further development as a fundamental theoretical approach to the relativistic 
problems. 
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